Because of the profitable nature of risk businesses in the long term, de Finetti suggested that surplus models should allow for cash leakages, as otherwise the surplus would unrealistically grow (on average) to infinity. These leakages were interpreted as 'dividends'. Subsequent literature on actuarial surplus models with dividend distribution has mainly focussed on dividend strategies that either maximise the expected present value of dividends until ruin or lead to a probability of ruin that is less than one (see Albrecher and Thonhauser, Avanzi for reviews). An increasing number of papers are directly interested in modelling dividend policies that are consistent with actual practice in financial markets. In this short note, we review the corporate finance literature with the specific aim of fleshing out properties that dividend strategies should ideally satisfy, if one wants to model behaviour that is consistent with practice.
Introduction
From pioneer work on the modelling of an insurance company's surplus as a stochastic process in the first half of the 20th century (Lundberg [1] , Cramér [2] ), substantial theory exists to determine the stability of risky businesses. Criteria include the probability of ruin (a great classic is Asmussen and Albrecher [3] ), but also the expected present value of dividends paid until ruin (see, for instance, Bühlmann [4] ). For the model to make economic sense, the expected profit of the company is typically assumed to be positive. Since the probability of ruin monotonically decreases when the surplus increases, applying such a criterion should then lead companies to let their surplus grow to infinity. This issue was first raised by de Finetti [5] , whose goal was to propose an alternative formulation that would be sufficiently realistic and tractable to "study the practical problems regarding risk and reinsurance". He explicitly allowed for surplus leakages, which were interpreted as dividends. When and how much dividends should be paid was determined such that the expected present value of dividends until ruin was maximised.
The stability criterion as suggested by de Finetti [5] presents itself some issues, which were summarised in Gerber [6] in the following way:
"The challenge to financial economists has been to develop a payout policy framework where firms maximize shareholders' wealth and investors maximize utility. In such a framework payout policy would function in a way that is consistent with [empirical observations about dividend policy] and is not rejected by empirical tests."
The tension described here is that companies are generally considered to have a linear utility function (hence the objective of pure maximisation of dividends), but the decisions of investors (individuals) are often best modelled with more complex decision criteria. This tension cannot be resolved (at least not theoretically). The solution suggested by Allen and Michaely [7] is to simply look at what is observed in practice.
In this spirit, this note does not intend to add to the corporate finance literature, but rather summarise its findings in order to flesh out desirable properties. These often mean that one moves away from dividend maximisation, but this cannot be helped as explained above. Specifically, we aim to provide guidance beyond anecdotal knowledge of what is meant by "consistent with empirical observations about dividend policy". In so doing, this short note complements Albrecher and Thonhauser [8] and Avanzi [9] , which did not discuss these issues.
In Section 2 we review the corporate finance literature, and in Section 3 we discuss some of the actuarial literature that is consistent with our observation, and comment of possible future developments.
Remark 1.
Actuarial surplus models are increasingly relevant to modern risk management (see, e.g., Gerber and Loisel [10] who in particular also discussed the links between solvency requirements, coverage ratios, and dividend policies and their implications for practitioners). These models often provide interesting insights. While they still have some way to go to become directly applicable in practice (beyond insights), our firm belief is that we are getting closer to being able to build sufficiently realistic models that they can directly inform practice.
Remark 2.
In this paper we assume that 'dividends' represent any diminution of surplus that is made to the profit of the company's owners according to the definition of 'aggregate payout' in (Allen and Michaely [7] p. 356).
In particular, such payouts can take the form of either dividends (stricto sensu) or share repurchases; see also Section 2.1.
Whether surplus models in actuarial risk theory represent a cash or balance sheet (assets net of liabilities) approach is an unresolved debate. The approach should be carefully considered by the modeller, as some modelling choices make sense only in one particular context. For instance, interest on the surplus makes sense only in a cash approach, unless assets and liabilities are subject to identical interest rates (an arguably unrealistic assumption).
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Dividends and Repurchases as Payout Options
As defined in Remark 2, we assume that payouts included in surplus models can be either dividends or repurchases. We discuss here the reasonableness of this assumption.
The literature on dividends and repurchases is abundant and divisive. Some studies (Bhattacharya [11] , Miller and Rock [12] ) imply that they are perfect substitutes, while others imply that they are not at all related (John and Williams [13] , Allen, Bernardo, and Welch [14] ). Executives surveyed by Brav, Graham, Harvey, and Michaely [15] seemed to believe that companies are indifferent between dividends and repurchases and that this had little impact on their clientele of investors.
From the point of view of the investor, capital gains (repurchases) usually attract less taxes than dividends. More generally, tax does not speak in favour of dividends, a 'puzzle' described by Black [16] . Using two theories of choice behaviour, Shefrin and Statman [17] show how dividends can still be preferred even though they are more taxed. A principal-agent analysis also supports the payment of dividends (Porta, Lopez-De-Silanes, Shleifer, and Vishny [18] ).
While there seems to be a historical trend from dividends to repurchases (Bagwell and Shoven [19] , Fama and French [20] , Grullon and Michaely [21] ), (Allen and Michaely [7] p. 421) report that dividends and repurchases payouts when combined had remained fairly constant in the previous ten years. Lee and Suh [22] found that repurchases are often accompanied by increases in dividend payout. Furthermore, Denis and Osobov [23] examined data of six developed countries and could not find clear evidence that corporate dividend policies had materially changed.
We argue that in most cases, the mix of dividends and repurchases in the total payout is not an issue. It is not evident that the total payout is affected by this mix. Furthermore, before tax and for equivalent amounts, these lead to equivalent surplus diminutions. From a company's point of view, tax is not an issue. Transaction costs could be included in the model if they were arguably similar for both types of payouts.
From an investor's point of view, tax matters. However, companies (especially publicly held companies) don't necessarily know in which tax brackets their investors are. Unless this information is known and unless dividend and repurchases payouts are modeled separately, it is difficult to include tax in the model. Note though that taxes paid by companies (as modeled in Albrecher, Renaud, and Zhou [24] for instance) on their income are a different matter.
If dividends and repurchases are to be modeled separately, the following provides guidance. As companies are usually more committed to maintaining a stable dividend policy than a stable repurchasing policy (Lintner [25] ), dividends are based on permanent earnings, whereas repurchases are related to both permanent and temporary shifts in earnings (Dittmar and Dittmar [26] , Brav, Graham, Harvey, and Michaely [15] , Lee and Suh [22] ). Thus, ephemeral earnings are likely to be distributed in the form of repurchases, which are more flexible and noncommital. This is coherent with empirical observations indicating that repurchases are more volatile and more sensitive to economic conditions (Allen and Michaely [7] p. 349).
Maturity of Companies
Of course, part of the dividend puzzle (Black [16] ) is that companies, if they have good investment opportunities, should arguably reinvest their cash rather than distribute it to shareholders.
Denis and Osobov [23] observe that the size, profitability and proportion of earned equity are all positively related with dividend payout volume. Growth opportunities have a mixed impact on dividend payout. Their results are consistent with the 'maturity hypothesis' (Grullon, Michaely, and Swaminathan [27] ), according to which maturing firms, who have less investment opportunities and lower levels of risk, increase their dividend payout. Empirical observations suggest that the good news about risk prevails over the bad news about profitability (Allen and Michaely [7] p. 383).
Furthermore, companies that use exclusively repurchases (or don't pay out anything to shareholders) are likely to be small and less profitable (Lee and Suh [22] ). Indeed, Denis and Osobov [23] attribute the disappearance of dividend payments mainly to newly listed firms.
In summary, both size (or maturity) and the debt-equity mix of companies have a definite impact on the volume (and type) of dividend payouts; see also Leland and Toft [28] , Hilberink and Rogers [29] , Décamps, Mariotti, Rochet, and Villeneuve [30] , Décamps and Villeneuve [31] and the references therein for a rich discussion of the broader issue of optimal capital structure. Current models fail to model this behaviour in a direct way. Athough barrier strategies lead to dividends only when the surplus reaches a certain level, no consideration on the level of debt or maturity is taken from that moment.
The Effect of Dividends on Shareholders' Wealth
One justification for maximising dividends is that rational firms should aim at maximising shareholder's wealth. In our framework, dividends are all what shareholders will receive if we assume that shares have no residual value at the moment of ruin. However, the company may take a very long time to get ruined (if at all), and in reality it makes sense to take a more holistic approach to shareholder's wealth. In particular, the value of shares matters.
According to Miller and Modigliani [32] , the dividend policy of a company is irrelevant to its value. However, we since then know that this holds true only under a number of assumptions that do not correspond to reality. Markets react positively to dividend payout increases and negatively to payout decreases-see Michaely, Thaler, and Womack [33] for dividends and Ikenberry, Lakonishok, and Vermaelen [34] for repurchases. Furthermore, larger changes lead to larger reactions, and decreases have more impact than increases (Allen and Michaely [7] p. 387). Lee and Suh [22] noticed that companies using exclusively repurchases experienced high stock return volatility.
Dividend Smoothing
The effect of dividends on share price explains why firms are very reluctant to cut dividends, even though some companies do not necessarily regard them as essential. If payout is changed, it is usually in the direction of an increase (Allen and Michaely [7] p. 349, p. 420). Since any increase is normally 'locked in', it makes sense for companies to try and smooth their dividend payout over time.
Results by Lintner [25] (later confirmed by Fama and Babiak [35] ) concur. Stability of the payout is the primary concern. Indeed, companies start by setting their dividend policies, and then adjust all other policies accordingly. Furthermore, most companies seemed to have a target payout ratio. According to Shefrin and Statman [17] it makes sense for investors to prefer specific dividend payouts. Kumar [36] provides a theory of dividend smoothing.
The structure of ownership also has an impact. Michaely and Roberts [37] find that publicly held companies tend to have smooth, gradually increasing dividend and rare decreases, whereas the dividend policies of privately held firms is more volatile. Furthermore, the dividend payout of publicly held companies has little dependence on earnings.
Signalling Models
Some older studies argue that dividends are used as an ex-ante signal of future cash flow (such as Bhattacharya [11] ). While dividends definitely convey information, this does not necessarily imply that they are used as signals (Miller and Rock [12] ). Recent studies seem to indicate that this is indeed not the case. According to Brav, Graham, Harvey, and Michaely [15] , the relation between dividends and earnings declined over the past 50 years. (Allen and Michaely [7] p. 396) summarise "the empirical evidence provides a strong prima facie case against the traditional dividend signaling models."-see also Denis and Osobov [23] .
The Case of Insurance Companies
The main focus of actuarial risk theory is on insurance companies. Even if the results given above are fairly general, studies that focus exclusively on insurance companies have consistent results.
Concentrating on non-life insurers, Lee and Forbes [38] showed that the dividend policy had an impact on the market value of the firms. In a more general setting, Akhigbe, Borde, and Madura [39] also found that dividend increases resulted in significant share price increases. This impact was smaller for life insurers than for other types of insurers and industrial companies, but larger than for banks.
Dividend smoothing seems to be a wide-spread practice. Formisano [40] describes that earnings are saved into a surplus in order to smooth the dividend stream and in order to minimise changes. The pattern is then to 'buffer' the dividend stream in order to smooth out short run variability. Using the models of Lintner [25] and Fama and Babiak [35] , Lee and Forbes [41] find that dividend payout is best explained by the prior year's dividend.
The nondecreasing property of the dividend flow seems to be even more important in the insurance industry. A source of the Financial Post (Tedesco [42] ) reports "The last thing you do in this world if you're a financial institution is cut your dividend. [. . . ] You make sure you've examined every possibility because nobody will forgive you." Indeed, a cut of Manulife's dividends as a result of the global financial crisis (resulting in annual savings of CAD 800 million) caused the stock price to decrease by 15%.
In the case of mutuals, the company is not owned by investors, but by the policyholders. In this case, dividends can still be paid, but to the policyholders. Formisano [40] argues that a smoothing behaviour with a buffer should still be observed in the case of mutuals, but Zou, Yang, Wang, and Zhu [43] found (for non-life insurers) that mutuals were likely to pay less, and that they adjusted their payout more slowly than privately held firms.
Implications for Actuarial Surplus Models
The considerations outlined in the previous section can help risk theorists choose how to formulate their surplus with dividends, should their goal be to introduce some realistic features in them, in order to resolve the tension exposed in the introduction. There are two basic approaches: (i) restrict the set of admissible dividend strategies and still maximise their expected present value; or (ii) keep an unrestricted set of admissible dividend strategies but modify the objective. We discuss below some recent related developments.
We first provide a mathematical formulation for general actuarial surplus models. Define U(t) as the surplus for the company and the modified surplus for the company (after distribution of dividends) is then
where L(t) represents the aggregate (non discounted) dividends received from time 0 to time t. Ruin occurs as soon as X(t) becomes negative and ruin time is denoted as τ. The formulation proposed by de Finetti [5] is then to maximise the the expected present value of dividends until ruin
where δ represents the financial impatience. In traditional admissible strategies, decision makers have the ability to issue dividends at any point in time. This assumption is inconsistent with observations from reality where dividends decisions are typically made periodically. This naturally leads to the consideration of strategies that issue dividend on discrete times. One such restricted set of admissible strategies studied in recent literature is known as periodic dividend strategies. Suppose that dividends paid at decision time T j is ϑ T j for k = 1, 2, 3, ..., the optimal periodic dividend strategies seek to maximise the expected present value of dividends until ruin
The main challenge of studying periodic dividend strategies is to obtain tractable solutions, which is difficult even in basic surplus models. Some recent papers attempt to simplify the problem by relaxing model assumptions (e.g., Albrecher, Cheung, and Thonhauser [44] ) or using techniques such as Erlangisation (e.g., Avanzi, Cheung, Wong, and Woo [45] ) to obtain approximations to the solutions. Much work is still required.
A few authors also tried to address criticism voiced by Gerber [6] by creating strategies with realistic features. For example, it is arguably desirable for dividend strategies to distribute more dividends as surplus reaches high levels and one example of such strategies is known as multilayer dividend strategies (see, e.g., Albrecher and Hartinger [46] , Lin and Sendova [47] ). For example, dividend payments at time t is given by
where
are the layers and dividends are paid out with density a i when the surplus U(t) is in layer i for i = 1, 2, 3, ..., k. Dividends are issued at higher rates as surplus accumulates to higher levels, which potentially reflects profitability/maturity of the company (see Section 2.2). Motivated by the behaviour of some companies which pay regular and extraordinary dividends (see Section 2.1), Avanzi, Pérez, Wong, and Yamazaki [48] investigate an optimal two-layer strategy with transaction costs in spectrally positive Lévy processes. Additionally, there is a whole stream of literature (see, e.g. Radner and Shepp [49] , Højgaard and Taksar [50] , Cadenillas, Choulli, Taksar, and Zhang [51] and references therein) that looks at the optimal joint investment, dividend, and reinsurance strategies, which relate to the discussion about optimal capital structure discussed in Section 2.2. Furthermore, papers such as Gerber and Shiu [52] , Decamps, Schepper, and Goovaerts [53] , Avanzi, Henriksen, and Wong [54] consider models with assets and liabilities that can scale up or down.
In a different light, irregular dividends (both in terms of amount and timing) is not an attractive feature of dividend strategies (see Section 2.4 for a review on dividend smoothing) and few authors tried to address this problem. Cheung, Dickson, and Drekic [55] found the threshold strategy that minimises the coefficient of variation of the present value of dividends until ruin
where V 1 (x; b) and V 2 (x; b) are the first and second moments of the present value of dividends, respectively. Albrecher and Cani [56] address the problem directly by specifying a dividend strategy that smooths dividend payouts over time. In the Cramér-Lundberg model, they consider dividends that are paid according to an affine strategy, i.e.
where q > 0 and β are constants. This idea was first introduced by Avanzi and Wong [57] in the Brownian risk model, and with β = 0. Beyond smoothness, a non-decreasing payout strategy is yet to appear in the literature, but to find a non-trivial and tractable formulation is not easy.
Other authors address criticism of Gerber [6] by modifying the classical objective function. For example, Hubalek and Schachermayer [58] and Thonhauser and Albrecher [59] investigated the maximisation of expected utility of dividends
where u(·) is a utility function applied to the dividend paid at time t and where dL(t) = l(t)dt. However applying utility functions to a company is sometimes questioned, as it is not an individual with its own irrational will. It also does not resolve the tension mentioned in the introduction. Other interesting transformations have been considered in the literature, which carry interesting properties. For instance, Korn, Menkens, and Steffensen [60] consider worst-case optimisation in the case of large non-life insurers. The main challenge of modifying current formulations of the objective is that it is often difficult to prove or disprove the existence of solutions under a new objective. One first has to propose an alternative objective and postulate strategies that may solve the optimisation problem (which does not guarantee solutions). Next one has to verify the global optimality of the obtained solutions (which presumes the solution exists). Simply put, there is no systematic method of creating objective functions that lead to a desired solution. For example, it is difficult to determine the objective under which mean reverting dividend strategies (proposed in Albrecher and Cani [56] , Avanzi and Wong [57] ) are the optimal solution and demonstrate its global dominance against all admissible strategies.
To summarise, the following could be considered when designing a dividend model:
• the periodicity of dividend payments;
• the various range of possible distributions-for instance, standard dividends, which tend to be regular, as opposed to special dividends, which can be irregular (Section 2.1); • the impact of the scale / maturity of the company, as well as its capital structure (Section 2.2);
• the regularity and smoothing of dividends (Section 2.4);
• the nondecreasing nature of dividends (also Section 2.6).
The actuarial literature we have reviewed in this section addresses some of those considerations. Hopefully this note can provide inspiration for further developments.
